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Introduction
Fractal mechanics is a current area of research in science and engineering. Fractal media are abundant in nature (rocks, tree leaves) and in living bodies (brain). However, the conventional and well-known continuum mechanics lacks a modelling capability for such materials, and that is the issue motivating the growing activity in the so-called fractal mechanics [5] . Materials which exhibit a highly irregular (non-smooth) topology or inherent porosity are often treated in the fractal framework where a dimensional regularization (homogenization technique) is applied to map their fractal geometry to an equivalent Euclidean one. In general, fractal materials are of two types: random (natural) or regular (geometric); the latter exhibits a perfectly defined fractality, i.e. its Hausdorff dimension is mathematically determined via the self-similarity property applied in its construction [9] , while the former has a statistical fractality. The development of a field theory, in which the fundamental laws of mechanics (conservation of mass, linear and angular momentum) are reproduced in the fractal setting resulting in continuum-type equations, is the current focus of many scientists [18, 14] .
Some fractal media can be classified as isotropic, but in general, fractals are anisotropic, i.e. their Hausdorff dimension is direction-dependent. Wave propagation in isotropic fractal media on spherical domains has been studied in [11, 18] , whereas a formulation of a three-dimensional (3D) elastodynamic model for anisotropic fractal solids was developed in [14] based on product measures. The latter work utilized two different approaches to derive the governing elastodynamic equations of this material model: the fractal mechanics approach and the variational energy approach with both approaches producing consistent results. This attribute is not realized in previous fractal analysis research where a single approach is followed to describe the mechanics of the model. In brief, Li and Ostoja-Starzewski [14] adopted the modified Riemann-Liouville fractional integral formulated by Jumarie [13] to derive the mass power law, Gauss's law and the transport theorems in fractal domains. Accordingly, the fractional integral of a certain function f(x) over a fractal set of Hausdorff dimension D ∈]0, 1], with support on [0, L] , is regularized as follows
In this regard, the mass power law of a 3D fractal body (V D ) embedded in the Cartesian system Ox 1 x 2 x 3 is derived as follows
where ρ is the local mass density of the body and c i is the product measure along the ith direction defined as
and c V is a volumetric product measure defined as the product of all three product measures, thus c V = c 1 c 2 c 3 . Note that for a uniform density ρ ≡ ρ 0 , the total mass becomes m
This finding is mathematically consistent with the universal mass power law of a fractal body with characteristic length L and Hausdorff dimension D, m ∼ L D [18] . In conclusion, c i is applied to regularize 1D or length integrals, while its equivalent, c V , regularizes 3D or volume integrals. Consistent with this, a surface product measure is introduced to regularize surface integrals as will be later shown in deriving the Green-Gauss theorem on fractal media.
At this point, we discuss the fractional reproduction of the Green-Gauss theorem, a widely applied integral identity in formulating many continuum mechanics principles. This analysis will result in defining the mathematical form of the fractal derivative, which will be utilized in generalizing the fundamental balance laws for mechanics in fractal media. In continuous domains, the Green-Gauss theorem correlates the integral of a vector function f i over a closed surface ∂W, to the integral of its divergence over the volume W enclosed by this surface [17] , thus
For fractal domains, the surface integral is regularized by the surface product measure in similarity with the regularization performed along the length as shown in Eq. (1). Thus, after considering the surface projection onto each coordinate plane as illustrated in [14] , the surface integral becomes
where c
is independent of the ith Cartesian coordinate x i . Applying the conventional Green-Gauss theorem to the right-hand side of Eq. (5), we obtain
and using the volume integral regularization as was done in Eq. (2), the volume integral of Eq. (6) is expressed in the fractal configuration as
Combining the integral identities of Eqs. (5), (6) , and (7), the generalization of the Green-Gauss theorem on fractal domains is reproduced. Thus
By comparing Eqs. (4) and (8), the mathematical form of the regularized fractal derivative can be clearly inferred. This fractal derivative, denoted by ∇ D i , is defined as
As a first insight, this fractal derivative differs from the conventional fractional one by having the derivative of a constant to be zero. In fact, this derivative is applied to develop the fundamental balance laws of mechanics for a fractal medium with finite spatial extension, i.e., its fractal mass is distributed within a limited (internal) space, generally, in a non-homogeneous pattern. In our case, we consider a generalized anisotropic fractal body defined in the 3D Cartesian system and having L i to be the size along the ith direction. Thus the mechanics is valid only for 0 < x i < L i , and any attempt to analyse the mechanics outside this range is, in principle unphysical, and leads to mathematical fallacies. Fractal media involved in real life applications can be described as "pre-fractals", which connotes a physical object exhibiting fractal features within a length scale of lower and upper cutoffs. The upper cutoff is indeed L that appears in the fractal derivative operator, and the lower cutoff is the size of the smallest fractal feature within the object. The development of a continuum-like model for pre-fractals is discussed in detail in [14] where the governing equations of elastodynamics are formulated. In our paper, we briefly present the basic equations relevant to the dilatational wave propagation problem we intend to explore. The resulting eigenvalue type problem, is treated analytically and numerically in three different settings of boundary conditions.
Elastodynamic model of dilatational wave motion
The main objective of our work is the understanding of the propagation of dilatational waves in anisotropic fractal solids through analytical and computational means. In this section, we introduce the fractal version of the balance laws, then, we construct the appropriate elastodynamic model which suits the simulation of this particular type of waves. We also present the 3D anisotropic fractal domain (Carpinteri column) on which the problem is solved.
With regard to kinematics, the strain tensor field for this fractal solid model resulting from an infinitesimal deformation u i is defined as
Similarly to the classical continuum case, the symmetry property of the strain tensor is preserved. The linear momentum balance incorporating inertia, elastic and body forces is expressed as
while the angular momentum balance is given as
where e ijk is the Levi-Civita permutation tensor. In the continuum case (D i = 1 and thus c i ≡ 1), the angular momentum balance is automatically satisfied whenever the adopted constitutive law generates a symmetric Cauchy stress tensor. However, in the fractal case, the satisfaction of the angular momentum balance becomes hard to achieve because c i / = c j (the product measures depend on different coordinates and they can never be equivalent). Therefore, in mechanics of fractal solid bodies, the stress tensor cannot be symmetric, and as such, the well known constitutive law of Hooke's model defined as (δ ij being the Kronecker tensor), Pages 17 can no more be applied since it generates a symmetric stress tensor out of a symmetric strain tensor. Consequently, a fundamental attribute of the classical theory of elasticity is lost due to fractal effects, and this is remedied by the application of a non-classical elastic constitutive model (e.g. Cosserat model) to achieve a meaningful satisfaction of the balance laws for general problems [15] . Nevertheless, a careful observation of the above model reveals a possibility to implement Hooke's law while still satisfying the angular momentum balance. This satisfaction is achieved trivially by setting all shear components of the stress tensor to be identically zero, i.e. σ ij ≡ 0 for i / = j. A feasible kinematic configuration that forces all the shear stress components and, thus, all the shear strain components to vanish exists and is unique; it is prescribed as
We thus have the displacement in a given direction dependent only on the coordinate of that direction. As a result, the propagated waves in this particular problem are of dilatational type. This type of waves is also designated as irrotational or primary [8] . It is worth noting that propagation of distortional or secondary waves cannot be studied within the framework of Hooke's model since this type of waves is based on shear effects that cannot be considered because of the symmetry problem discussed before. The incorporation of Hooke's law into the linear momentum balance produces the fractal Navier equation. In the general anisotropic case, three different Hausdorff dimensions are present in this equation. The continuum model is reproduced whenever all three Hausdorff dimensions are set to one (and consequently all product measures become identically one). This is consistent with the initial assumptions about this fractal solid model. The indicial form of the fractal Navier equation is stated as
In contrary to the classical continuum case, Eq. (15) is only meaningful to study dilatational wave propagation problems. Enforcing the prescribed kinematics that simulates the propagation of this type of waves (Eq. (14)), we obtain a set of three 1D decoupled equations that are similar in form, their expression in terms of (a) fractal and (b) conventional derivatives is
The above equation contains one index i and no summation should be considered if index is repeated. The inherent relation between the dilatational wave propagation and model decoupling makes the solution to a 3D problem feasible by solving three similar but independent problems of 1D type. This significantly facilitates the computational analysis with regard to problem cost and complexity. In the remainder of our work, all problems (analytical and numerical) are solved on a box-shaped domain referred to as the Carpinteri column which is shown in Fig. 1 . The Carpinteri column is an ideal fractal body (having mathematically well defined Hausdorff dimensions in all three directions) that is embedded in a 3D Euclidean space. It was considered by Carpinteri et al. [4] to model concrete columns which are essentially composite structures featuring an irregular (disordered) geometry. Concerning our application, the Carpinteri column is a meaningful illustration of a fractal solid body that exhibits the property of fractal anisotropy. The cross-section of the column, which is square in shape, constitutes a Sierpiński carpet. It is "fractaly" swept along the longitudinal direction in conjunction with a ternary Cantor set. Clearly, the Hausdorff dimension of this body along the longitudinal direction, x 3 , is equivalent to that of the Cantor set. The figuring out of the Hausdorff dimensions for the in-plane directions x 1 and x 2 is not as evident as is the case with the longitudinal direction. Nevertheless, substantial knowledge and significant assumptions help conjecturing viable values for these dimensions. First, the axial and planar symmetries revealed in the Sierpiński carpet's geometry indisputably induce that D 1 = D 2 . This fractal set is built in a 2d Euclidean space and its Hausdorff dimension (D carpet = ln 8/ln 3) is derived within the 2d framework. Superficial knowledge in fractal geometry might lead to the erroneous assumption obtained by analogy with the continuous case where D 1 = 1/2D carpet . The inapplicability of this simple supposition is briefly explained. The theory of products of fractal sets infers that if a fractal set (denoted as G) is generated from the Cartesian product of two primary fractal sets (denoted as E and F), i.e. G = E × F, their dimensions satisfy the following inequality (it becomes equality for continuous and Cantor sets),
See Chap. 7 of [7] for more about this topic. Unluckily, the Sierpiński carpet is not formed as the product of two independent fractal sets. Thus Eq. (17) cannot even predict an upper limit for D 1 . If we consider the horizontal slice (set formed by intersecting a horizontal line with the carpet) and attempt to obtain the dimension of that slice, we realize that it depends on the position where the line intercepts the carpet. For example, on side length corresponding to x = {0, 1/3, 2/3, 1}, D slice = 1 since no void is to occur at this position. On the other hand, if x = 1/2, we obtain D slice = D Cantor set . Clearly, the dimension is not uniform along the edge, it is evaluated statistically in [16] and this is how D 1 was estimated for our problem. In conclusion, the utilized Hausdorff dimension along each direction is provided below.
ln 18 ln 3
The Hausdorff dimension for the entire column is given as
This dimension is just a geometric property and plays no role in the mechanics under discussion. The Carpinteri column exhibits a planar fractal isotropy that renders the analysis along the x 1 and x 2 directions redundant especially since
Modal analysis
The propagation of dilatational waves is described in Eq. (2) . We now present the analytical solution to this equation through modal analysis. The fulfilment of the modal analysis allows for the treatment of variety of boundary value problems (BVP), whereby we discuss three problems characterized by their distinct boundary conditions (BC). The solution to these problems will be later used in validating the computational tools constructed to simulate some complex problems which do not admit closed-form solutions.
Defining the dilatational wave speed to be
and expressing the displacement in its modal form
The resulting modal equation, general for all directions, becomes
or more explicitly,
where k is the wavenumber
This modal equation admits the following general solutions (the derivation of the solution is explained in detail in Appendix A)
hence the modal function U m (x) for a given BVP can be expressed as the weighted sum of f 1 and f 2 ,
where constants C 1 and C 2 are determined via application of the appropriate BC. In the case of homogeneous BC, the Sturm-Liouville problem presented in Eq. (22) admits the following modal orthonormality property
This orthogonality is indeed verified in our discussed eigenvalue problems. Having obtained the homogeneous solution to the general BVP, we now proceed to discuss three different eigenvalue type problems, each has its own setting of BC. For all these problems, the solutions to the modal functions and corresponding wavenumbers are evaluated.
Dirichlet BVP
In this section, we intend to solve the problem where homogeneous boundary conditions on u are enforced on both sides of the domain. Thus, the modal function U(x) must satisfy
Applying the boundary conditions of Eq. (28) into the general solution presented in Eq. (26), we obtain the non-trivial solution described as follows This general modal solution is valid for all three directions. It depends on D and L which are direction characteristics. By setting their appropriate values, the modal solution for a particular direction is obtained. The first three modal functions corresponding to the Carpinteri column are shown in Fig. 2 . A thorough observation of the modal functions reveals that they are all infinitely steep at the right edge (x = L). This is corroborated mathematically where we have
Per Eq. (30), the singularity of the first derivative of U m at the right edge intensifies for smaller D. This is clearly manifested in Fig. 2 where the plots become more "asymmetric" with respect to x = 0.5 and squeezed near x = L for higher modes and lower D.
First mixed BVP
In this section, we consider the problem where a homogeneous Dirichlet BC is applied on the right side and a homogeneous Neumann BC on the left end. As a result, the following conditions
must be satisfied in the general modal solution of Eq. (26). This eigenvalue problem admits the following solution
The first three modal functions corresponding to the Carpinteri column are shown in Fig. 3 . Similarly to the Dirichlet BVP, the modal functions are all infinitely steep at the right edge (x = L). This is also corroborated mathematically where we have
Note that the steepness of the modal functions intensifies for higher modes and lower D. In such a case, a coarse uniform mesh along [0, L] may not sufficiently resolve the mode near the right edge, leading to poor numerical accuracy. This problem is remedied by applying a biased refinement in which the nodal concentration is higher near the right edge where steepness occurs.
Second mixed BVP
In this problem, we swap the locations of the BC applied in the first mixed BVP. In other words, we have
At first glance, nothing about this problem should be different from its predecessor in terms of analysis and solution form. Nevertheless, the particularity of this problem lies in the fact that modal solutions exist only if D > 0.5 as will be shown. For D ≤ 0.5 the BC cannot be simultaneously applied and thus the eigenvalue problem has no solution. Applying the Neumann BC to the general solution of Eq. (26), we obtain
the problem is now to solve for C 1 , C 2 , and D for the limit to be satisfied. Clearly the second term of the equation diverges for any D < 1, it thus must perish from the solution and this is achieved by setting C 2 ≡ 0. The first term asymptotically behaves like (L − x) (2D−1) ; it vanishes only if the power is positive, necessitating D > 0.5. Concerning the wavenumber k, it is assigned via the application of the Dirichlet BC. In conclusion the modal solution is described as
The first three modal functions are shown in Fig. 4 . Fortunately, the Hausdorff dimensions of our domain are all above 0.5 making the second mixed BVP simulation feasible.
Computational solutions
The finite element method (FEM) is ubiquitously applied to simulate elastodynamic problems arising in mechanics of continuous materials [1, 10] . In this work, we prove that FEM is robust in handling mechanics problems in fractal solids too. In the first subsection, we discuss the application of the FEM in solving the 1D problem resulting from decoupling of the governing equation. A transient analysis in addition to testing convergence in time and space are performed. Next, we simulate the 3D problem in its full version, confirming the agreement between the 1D and 3D results.
1d FEM problem
As previously shown, the propagation of pure dilatational waves simplifies the general elastodynamic equation to three decoupled universal equations for all directions. Effectively, a large 3D problem can be reduced to three small 1D problems, each to be solved independently. This is a significant simplification from a computational perspective and it is worth exploiting as done below.
(a) first mod e (b) second mode (a) first mod e (b) second mod e 
To obtain the weak form, we multiply the above equation by an admissible function û where û ∈ H 1 (Ω), the space of all test functions. Integrating over Ω, we obtain
Partitioning the domain Ω into a countable union of subdomains (elements) Ω e , where e Ω e = Ω, we obtain a discrete formulation based on two governing matrices, the inertia matrix M, and the stiffness matrix K. On the elemental level, these matrices are evaluated as 
As noticed, the governing matrices are symmetric; they can be evaluated exactly without performing any numerical integration (e.g. Gaussian quadrature rule). Once the assembly process is fulfilled, the discrete elastodynamic model is obtained, it is expressed as (a) first mode excitatio n (b) second mode excitation The trapezoidal time stepping method is implemented to acquire the transient solution [10] . This time march scheme is implicit, unconditionally stable and second-order accurate. The numerical results for all three discussed problems are shown in Figs. 5-7. The Lamé constants, in addition to the density, are all set to one; the exciting frequencies are found accordingly. The solutions of both mixed BVP oscillate at the same frequency, and, indeed, their wavenumber forms are identical. All problems exhibit a remarkable agreement between the exact and numerical solutions.
The numerical solver is further validated in space and time to ensure convergence. We have analysed the decay power of the L 2 -norm of the global error with respect to element size and time step. For the spatial error, the convergence rate decreases as D decreases most likely due to the skewness of the mode shape for smaller D. The temporal error is nevertheless independent of D and uniform for all the modes. The convergence plots are shown in Figs. 8 and 9. 
3d FDM analysis
In this section, we ignore the computational advantage granted by the handling of dilatational waves which simplifies 3D problems to only 1D. Effectively, we seek a numerical solution to Eq. (15) for a general problem setting. Even though waves of non-dilatational type can be analysed in this solver, numerical solutions for only dilatational wave problems are physically meaningful. Hence, the 3D analysis adds no ingenuity to our computational work which, as shown in the previous section, can be adequately accomplished with the 1D solver. Nevertheless, problems involving non-classical material models where general waves are permissible cannot be subject to decoupling (as is the case here) and thus 3D analysis becomes mandatory. Since we plan to consider these problems in the near future, we decided to briefly introduce this complex work in this paper which we can refer to in our upcoming research. In the numerical framework, Eq. (15) can be most effectively handled in a finite difference discretization with explicit time march setting [6] . In brief, we adopted the 2nd-order accurate spatial discretization and the 1st-order accurate Euler's forward method to respectively approximate derivatives arising in elastic and inertia terms. Results for the first two modal excitations of the Dirichlet BVP are shown in Fig. 10 . In addition, contour plots for the displacement field at different time steps are also shown in Figs. 11 and 12 for the first modal excitation and in Figs. 13 and 14 for the second modal excitation (Fig. 15) . The legend scale for these contour plots is shown in Fig. 15 .
Conclusion
This paper reports on the elastodynamics of solids with a generally anisotropic, product-like fractal structure, yet governed by an isotropic Hooke's law. This setting allows propagation of purely dilatational waves, and this is studied through dimensional regularization. The analytic work achieved through the eigenproblem analysis permits solving any BVP by modal superposition. We have also implemented a computational approach to analyse this wave problem, whereby an FEM solver was developed and validated, and the transient response for a BVP based on modal excitation was evaluated. Finally, this work represents a valuable cornerstone in the currently active exploration of the mechanics of fractal materials. Its significance lies in the mathematical and computational study, which to a large extent, prompts the realization of the solution to the general elastodynamic problem where arbitrary waves are involved and non-classical constitutive models are incorporated [12] .
Recognizing that the series form of the Bessel function of first kind and order ν, J ν (y), is given as [2] J ν (y) = . For the second case, β 2 = D, the following recurrence relation for a n is obtained a n = − k 2 2n(2n + 1) a n−1 n ≥ 1 (A.14)
which leads to a general form of a n given as a n = (−1) n k 2n Γ 1 2 4 n n!Γ n + We here note that the above solution is independently achieved in chap. 6 of [3] where a more general ODE is treated in term of Bessel functions.
In the following steps, we will bridge the general solutions from their Bessel function form to their equivalent harmonic form. For this proof, we rely on two important identities concerning Bessel functions. The first, is the Bessel integral given as 
